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Quadratic Solitons with Gain and Loss
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Abstract—Propagation of soliton signals in quadratic nonlinear
media under conditions for second-harmonic generation in the
presence of multiple-frequency-band absorption and amplifica-
tion is addressed. The reshaping and energy redistribution of
the multiple-frequency solitons under the action of the single-
band loss and gain is investigated and shown in detail. New
chirped localized solitary-wave solutions that exactly compensate
loss and gain are presented. Practical implementation conditions
are discussed.
Index Terms—Erbium, frequency conversion, nonlinear optics,
self-focusing, solitons.
I. INTRODUCTION
OPTICAL solitons in quadratic nonlinear media constitutean active area of research. Interest is driven by the
new phenomena that are continuously uncovered, and by
their widespread potential applications (reviewed in [1]–[3]).
Quadratic solitons are formed by the mutual trapping between
the several waves that parametrically interact in the crystal, and
they are stable both in waveguides and in higher dimensional
configurations, including multiple-pass geometries, in settings
for the spatial, temporal, and spatio-temporal trapping of light.
Potential applications include a variety of beam and pulse
manipulation schemes, all-optical signal processing devices,
laser systems containing quadratic nonlinear crystals, and
photonic quantum devices.
However, quadratic solitons are intrinsically multiple-wave
multiple-frequency entities. Therefore, their experimental for-
mation and potential technological exploitation requires suit-
able materials and operation conditions that exhibit low ab-
sorption losses at all the wavelength bands involved. This
corresponds to two bands in the simplest case of second-
harmonic generation (SHG) and up to three bands in the
general case of optical parametric amplification (OPA) and
optical parametric oscillation (OPO). Such conditions can
be met with existing high-quality materials; thus, spatial
solitons have been observed with picosecond pulses in planar
waveguides made of lithium niobate (LiNbO cut for type
I phase-matching SHG pumped at m [4], in
up- and down-conversion SHG schemes in bulk potassium
titanyl phosphate (KTiOPO or KTP) cut for type II phase-
matching at m [5], [6], in potassium niobate
(KNbO cut for type I noncritically phase-matched SHG at
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m [7], in quasi-phase-matched SHG in periodically
poled LiNbO (PPLN) pumped at m [8], and
in OPA in lithium triborate (LiB O operated for type I
noncritical phase-matching at the signal-idler band
m [9]. Pulse narrowing consistent with temporal soliton
formation was observed recently using achromatic phase-
matching techniques in -barium borate -BaB O or BBO)
pumped with 200-fs pulses for SHG at m [10].
In this paper, we address the possibility to form quadratic
solitons in new settings, unexplored wavelength bands, and
novel materials where the different waves forming the soli-
tons experience significant absorption losses or linear gain
depending on the wavelength band to which they belong. We
focus on the simpler case of SHG, but qualitative results and
tendencies are expected to hold for all parametric processes.
First, we show the impact of single-frequency absorption on
the decay of the multiple-wave solitons as a function of the
light energy flow and of the existing wavevector mismatch
between the interacting waves. Second, we show that, under
appropriate conditions, losses in one wavelength band can be
efficiently compensated for in the presence of linear gain at
the other wavelength band. We show the robustness of the
compensation process and find families of chirped soliton
solutions that exactly compensate loss and gain.
The physical setting considered is typically encountered in
parametric processes that involve a wavelength band that falls
beyond the ultraviolet or the infrared absorption edges of the
material. Illustrative examples include BBO-based systems
at wavelengths shorter than 0.2 m [11] and longer than
2 m [12], or OPO in PPLN out to 6 m under strong
idler absorption [13]. Other important examples can arise
with existing organics, semiconductors, and new molecular-
engineered materials with very large nonlinear coefficients
[14]–[17]. On the other hand, broad-band gain at wavelengths
around the third telecommunication window centered at 1.55
m has been demonstrated in erbium-doped optically pumped
LiNbO devices [18]. For example, gain rates of some 2 dB/cm
have been measured at the C-band of erbium amplification
in Er : Ti : LiNbO channel waveguides diode-pumped at 1.48
m. Erbium-doped PPLN [19]–[20] and KTP [21] are also un-
der current investigation. Another important related possibility
is to operate self-frequency-doubling lasers (see [22], [23], and
references therein) in the solitonic regime.
II. EVOLUTION EQUATIONS
In this paper, we focus on conditions suitable for spatial
soliton formation in planar waveguides, but the results hold
also for temporal solitons and the analysis can be extended
to higher dimensional settings. The evolution of the slowly
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varying envelopes of CW light beams in a quadratic nonlinear
medium under conditions for type I SHG in the presence of
absorption losses at the second-harmonic frequency and linear




where and are the normalized amplitudes of the fun-
damental frequency and second-harmonic waves,
and with being the linear wavenumbers at
both frequencies. For spatial solitons in all cases,
thus, in the numerical calculations, we set .
The parameter is the scaled wavevector mismatch
where with being a beamwidth.
The parameter stands for the existence of Poynting vector
walk-off. For our purposes here, it is convenient to consider
configurations without walk-off; thus, here we set .
The scaled coordinates are and with
being the diffraction length at the fundamental
frequency.
The function models a net linear gain at the fundamental
frequency. In practice, the actual gain depends on the spatial
and temporal dynamics of the population and depletion of the
material energy levels and on the signal and pump features.
With the aim to expose the essence of the process, here
we consider a reduced CW saturationless model, with
where is the transverse width of the
amplifying region, and . Unless otherwise stated, we
set thus, which corresponds to an
amplifier much wider than the soliton. Full modeling can
be performed to take into account the detailed dynamics
of the light–matter interaction involved in the amplification
[24]–[27], but the reduced model is expected to capture
important aspects of the process. The parameter stands
for spatially homogeneous linear absorption at the second-
harmonic frequency.
In this paper, we concentrate on the normalized loss and gain
coefficients in the range – . The actual loss and
gain coefficient per unit length is given by .
Therefore, for a diffraction length of mm that is
encountered in a material with refractive index at
m with a beamwidth m, setting
yields cm . In the case of linear propagation
in a wide amplifying region (i.e., with ) or in the
presence of the spatially homogeneous absorption, such values
give an actual linear gain or loss rate of some 2 dB/cm. In the
presence of the quadratic nonlinearity, the actual rate depends
on the dynamics of the wave evolution, as discussed below.
For the above values, corresponds to a crystal length
of about 4 cm.
III. SOLITON EVOLUTION WITH GAIN AND LOSS
In the absence of gain and loss, the system (1)–(2) has
families of stable stationary soliton solutions [28], [29], and
Fig. 1. Evolution of the peak amplitude–width relation of the fundamental
and second-harmonic waves that form the quadratic solitons under the
influence of different second-harmonic linear losses. The discrete points show
the values of the peak amplitudes and width of every propagation unit. The
solid lines show the amplitude–width relation of the family of solitons existing
in the absence of loss. Conditions: absorption coefficients  2 =  0:2; 0:6;
and  1:8; wavevector mismatch  = 3. The input signal is the corresponding
soliton existing in the absence of loss with the energy flow I = 60.
the total energy flow given by the Manley–Rowe relation
(3)
is conserved. Otherwise, letting the total energy flow
varies at a rate
(4)
It is worth recalling that, under the conditions considered here,
whereas . Thus, for given material parameters,
the net gain/loss experienced by the solitons depends on
their fundamental and second-harmonic energy content. Such
content depends on the wavevector mismatch, on the total
soliton energy, and on the dynamical soliton evolution.
By and large, under the influence of moderate gain and
loss, solitons are expected to dynamically evolve, adapting
themselves to the amplitude–width relation characteristic of
their family. The question is whether, for the soliton families
existing at each value of the wave vector mismatch, and
for given loss/gain coefficients, such evolution takes place
without large departures from the soliton shape. To investigate
such evolution, we performed a comprehensive series of
numerical experiments by solving the system (1)–(2) with a
split-step Fourier algorithm for the soliton families existing at
a variety of wavevector mismatches, with different loss/gain
coefficients. Figs. 1–4 show representative examples of the
outcome.
First, we start with the beam evolution in the presence
of losses at the second-harmonic frequency, but negligible
absorption at the fundamental (the case of small damping at
both frequencies was discussed in [30]–[32]). Fig. 1 shows the
typical evolution of the peak amplitudes and widths (FWHM)
of the two-color beams forming the solitons propagated up
to . The discrete points correspond to the peak
amplitudes and widths sampled at each propagation unit.
The plot corresponds to the normalized wavevector mismatch
which is representative of all experimental conditions
near phase matching at positive phase mismatch, and the input
signal is the exact soliton with energy flow . This is a
relatively high-energy soliton. The amplitude–width relation
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Fig. 2. Analogous to Fig. 1, but at the wavevector mismatch  = 10.
Conditions: absorption coefficient  2 =  0:2; input soliton energy flow
I = 60.
of the corresponding exact family of stationary solitons is
also shown for the sake of direct comparison. At exact phase
matching, all solitons existing in the absence of gain and
loss are self-similar [28]–[30], and their peak amplitudes and
widths are related by the expression where
with is a constant and is the transverse
dimensionality of the physical setting considered. Here we
examine planar waveguides; hence, . In such a case, one
finds and . Away from exact phase
matching and when the corresponding dependence can
be found numerically [30].
Fig. 1 shows several interesting features. First, one ob-
serves that, with moderate loss rates at the second-harmonic
frequency, the solitons decay adiabatically according to the
amplitude–width relation characteristic of their family. This
is because the beams are able to dynamically reshape and
exchange energy with each other while the second-harmonic
wave is linearly damped, so that they keep the proper am-
plitude–width relation and the proper fundamental/second-
harmonic fraction of energy corresponding to their total soliton
energy and soliton family. Notice that in Fig. 1 this is still the
case for many propagation units, even for the high-absorption
case which for the above-mentioned typical
experimental conditions corresponds to an actual linear loss
rate of about 20 dB/cm.
One also observes in Fig. 1 that the separation between
the sampled points (hence, the actual energy loss experienced
by the waves) decreases with propagation distance. For the
wavevector mismatch considered, when the total soliton en-
ergy decreases, so does the fraction of such energy carried
by the second-harmonic wave [29]. Therefore, so does the
effective energy loss given by (4). An analogous effect can
be obtained for a fixed soliton energy by increasing the
existing wavevector mismatch, as shown in Fig. 2. The plot
corresponds to at . The decay rate is to
be compared with the corresponding curve shown in Fig. 1.
Notice that, in both cases, the input conditions are the exact
solitons existing in the absence of losses at the corresponding
value of with the energy flow . Therefore, the input
signals are different in each case.
Next, we discuss the robustness of the soliton evolution
in the presence of losses at the second-harmonic frequency
together with a compensating gain at the fundamental fre-
quency band [33]. We note that a related scheme, except for
(a)
(b)
Fig. 3. Evolution of the peak amplitude–width relation of the solitons under
the influence of second-harmonic losses and fundamental frequency gain. Fea-
tures are the same as in Fig. 1. (a) Fundamental wave. (b) Second-harmonic.
Conditions: absorption coefficient  2 =  0:6; gain coefficients  1 = 0:05;
0.129, and 0.2; wavevector mismatch  = 3. The input signal is the
corresponding soliton existing in the absence of loss with the energy flow
I = 15.
CW signals, namely losses at fundamental frequency and gain
at the second-harmonic frequency, was considered recently
in the context of nonlinear optical fiber amplifiers for cubic
solitons [34]. Fig. 3 shows representative examples of the
beam evolutions encountered under such conditions. The plot
corresponds to the evolution of a soliton with energy flow
propagating in a sample with a loss coefficient
and with different gain coefficients. At low values
of the gain coefficient, the soliton experiences net losses, while
with high gain rates amplification dominates. The plot shows
that, in either case, the beams tend to evolve adiabatically,
following to a large extent the amplitude–width relation of the
families of solitons existing in the absence of gain and loss.
For a given wavevector mismatch, soliton energy, and
second-harmonic absorption coefficient, there is an optimum
gain rate at the fundamental frequency for which the overall
losses and gain almost compensate for each other. For the
conditions shown in Fig. 3, such gain coefficient amounts to
some . Under such conditions, the fundamental
signal transfers rapidly the energy it gains by the amplification
to its second-harmonic counterpart, in such a way that the
overall energy is almost constant and the signal shape barely
differs from an exact soliton of similar energy existing in
the absence of gain and loss. Naturally, the energy exchange
and continuous reshaping produces dispersive waves that are
radiated away, but for moderate values of such radiation
is very small. Higher energy solitons feature sharper profiles;
therefore, under similar conditions, they tend to produce more
dispersive waves. Yet, for moderate values of the loss and gain
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(a)
(b)
Fig. 4. Analogous to Fig. 3, but when the input signal is the soliton existing
in the absence of losses with the energy flow I = 30. Conditions: absorption
coefficient  2 =  0:6; gain coefficients  1 = 0:05; 0.181, and 0.3;
wavevector mismatch  = 3.
(a)
(b)
Fig. 5. Detailed light evolution in a typical case. Conditions:
 1 = 0:226; 2 =  0:6;  = 3; I = 60.
coefficients, an analogous behavior is obtained, as illustrated in
Fig. 4. Fig. 5 shows the detailed signal evolution in a typical
case. The generated radiation is so small, it is barely visible
in the plot.
Fig. 6. Gain coefficient at the fundamental frequency required for loss
compensation when the input signals are exact solitons, as a function of
the wavevector mismatch, for different values of the total soliton energy
and the second-harmonic absorption coefficient. Curves: estimates obtained
using the properties of the solitons existing without gain and loss; discrete big
dots: values calculated with the chirped solitary-wave solutions that exactly
compensate gain and loss. The labels indicate the value of the soliton energy.
According to (4), exact loss–gain compensation at
occurs for input signals that satisfy
(5)
Obviously, this does not mean that all input signals that
satisfy the above condition propagate in a stationary way,
because, in general, their dynamical evolution, governed by
(1)–(2), rapidly modifies the relation required for (5) to
hold. However, Figs. 3–5 suggest that, for given reasonable
values of the wavevector mismatch and of the absorption
coefficient (5) with calculated from the families
of solitons existing in the absence of gain and loss can be
used to estimate the gain rate for a given soliton energy (or,
alternatively, the soliton energy for a given gain rate), required
to obtain approximate stationary soliton signals. Notice that
this is only so when the input signals are the solitons existing
in the absence of gain and loss. Different estimates will result
under other conditions, such as the typical up-conversion or
down-conversion experimental setups with only fundamental
or second-harmonic pump light, respectively.
Fig. 6 shows the values obtained of the gain coefficient as
a function of the wavevector mismatch for different values
of the soliton energy and the absorption coefficient. The
labels indicate the value of the soliton energy ,
, and . The solid and dashed curves are the values of
calculated using the data corresponding to the families
of solitons existing in the absence of gain and loss, and
the few discrete dots show the values calculated with the
chirped solitary-wave solutions discussed in Section IV that
exactly compensate gain and loss. One observes in the selected
cases shown that the difference between both values is very
small. Because at positive most of the soliton energy is
carried by the fundamental wave, a correspondingly small
gain coefficient is required to compensate for second-harmonic
absorption. The main conclusion to be drawn from Fig. 6 is
that gain coefficients in the range experimentally demonstrated
in diode-pumped Er : LiNbO samples [18] are required at
positive wavevector mismatch for a variety of soliton energies
and second-harmonic absorption coefficients. A much higher
compensating gain would be required at negative .
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IV. EXACT LOSS–GAIN COMPENSATION
Guided by the results shown in the previous section, we seek
stationary localized solitary-wave solutions of the system (1)-
(2) having the form . Because of
the presence of gain and loss, the solutions should be chirped
and, hence, are complex functions. The parameters
are nonlinear wavenumber shifts induced by the wave
interaction. Stationary solutions must have .




We seek stationary solitary-wave solutions that keep con-
stant not only the total energy flow but also the fundamen-
tal and second-harmonic energies separately. Let
where and are now real functions.
Substitution into (1) and (2) and integration readily yields
(8)
Therefore, because one needs . Also,
both the amplitude profiles and the phases ought to be
symmetric functions of the transverse coordinates. Thus, the
chirps are antisymmetric functions. The asymptotic
values for the chirps far from the soliton peak may be obtained
by linearizing (6) and (7). Assuming
(9)




However, the tails of the second-harmonic wave might be more
complicated than implied by (9) when the nonlinear terms in
(7) decay as with the same rate as the linear terms.
Under these conditions, (11) only holds for the fundamental
wave.
When is positive and large, one can obtain approximate
analytical solitary-wave solutions of (1) and (2) as follows.
Let . Under conditions of large positive
phase-mismatch and negligible pump conversion, the second-
harmonic field can be approximated by
(12)
Substitution into the equation for the fundamental wave yields
(13)
where and . Under the con-
ditions where (12) is expected to hold, one has .
Equation (13) is a truncated cubic complex Ginzburg–Landau
equation. A known pulse-like stationary solution of this equa-








At arbitrary values of one can look for analytical solutions












where . This zero-
parameter solution exists for the special values of the material





Equation (26) is a consequence of the fact that stationary
solutions can only exist in the presence of both gain and loss.
Equation (27) indicates that the above analytical solution only
holds in the case of temporal solitons, when one of the waves
experiences normal group-velocity dispersion (GVD) while the
other wave experiences anomalous GVD.
To find solitary-wave solutions of (6) and (7) at arbitrary
values of all the material parameters, including those that hold
for the spatial solitons we primarily consider here, we solved
numerically with a relaxation algorithm the system (6) and (7)
TORNER et al.: QUADRATIC SOLITONS WITH GAIN AND LOSS 1349
Fig. 7. Typical amplitude profile and chirp of solitary-wave solutions that
exactly compensate gain and loss. (a), (c)  =  3; 1 = 0:75. (b), (d)
 = 3; 1 = 0:181: In both cases, I ' 30 and  2 =  0:6. Solid
lines: fundamental frequency; dashed lines: second-harmonic. The dotted lines
barely visible in (a) and (b) correspond to the amplitudes of the solitons
existing with the same energy flow but in the absence of gain and loss.
together with (5). Fig. 7 shows two illustrative examples of
the outcome of the calculations for representative values of the
material parameters. The dotted lines barely visible in Fig. 7(a)
and (b) correspond to the amplitudes of the solitons existing
with the same energy flow in the absence of gain and loss. As
mentioned above, one observes in the plot that the amplitudes
of the solitary-wave solutions with and without gain and loss
are almost identical. Fig. 7(c) and (d) shows the chirps of the
solitary-wave solutions that exactly compensate gain and loss.
For the solution shown in Fig. 7(a) and (c), which corresponds
to the wavevector mismatch (9) holds. Thus, (11)
holds as well. However, this is not the case for the solitary
wave shown in Fig. 7(b) and (d), which corresponds to a
similar energy flow but for the positive wavevector mismatch
. In this case, (11) does not hold for the second-harmonic
wave, as is clearly visible in Fig. 7(d).
The solitary-wave solutions of the model (6) and (7) cannot
be stable under propagation because any perturbations to the
fundamental beams far from the solution peak are amplified
by the linear gain that they experience. Such background
instability is suppressed when the amplifier transverse width
is set to a finite value of the order of the soliton width, as
can be done in practice by engineering the Er-doped transverse
profiles or by proper shaping of the pump beam. Spatial
spectral filtering schemes, similar to those appearing in the
gain-bandwidth of erbium-doped fiber amplifiers [35], but
implemented here in the spatial domain, constitute another
interesting possibility for future research.
V. CONCLUSIONS
In summary, we discussed the robustness of soliton signals
propagating in quadratic nonlinear media in the presence of
moderate absorption and amplification in different frequency
bands. We showed the signal reshaping under the action of lin-
ear absorption and gain, discussed the possibility of loss–gain
compensation, and found new chirped solitary-wave solutions
that theoretically allow for exact compensation. Results can
be extended to include nonlinear absorption mechanisms,
and spectrally filtered amplification schemes in spatial or
temporal domains. Here we focused on conditions for type-
I noncritically phase-matched second-harmonic generation,
but we believe that the main results reported have direct
implications for soliton propagation schemes in all parametric
processes mediated by quadratic nonlinearities. The results
presented show the feasibility of quadratic soliton propagation
in novel materials, unexplored settings, and new wavelength
bands which feature moderate absorption and suitable linear
amplification at the different frequency bands involved.
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